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Abstract

The thermal behavior of thin slab as described by the parabolic microscopic heat conduction model with variable thermal pro
investigated under two types of heating sources. These types are the unit step and the fluctuating harmonic heating sources. The
thermal properties are the electron gasCe and the solid latticeCL total thermal capacities. It is found that the slab thermal behavior is m
sensitive to the variation inCe as compared to the variation inCL. AssumingCe constant may cause an error of magnitude 19% w
assumingCL constant causes an error of magnitude 5%. The sensitivity of the parabolic microscopic heat conduction model to the
in Ce is higher under the effect of a fluctuating heating source as compared to a unit step heating source.
 2003 Elsevier SAS. All rights reserved.

Keywords: Parabolic microscopic model; Parabolic two step conduction model; Microscopic heat conduction model; Conduction with variable therm
properties; Microscopic model with variable thermal properties; Variable total thermal capacity; Two-step model with variable properties
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1. Introduction

High-rate heating of thin metal films is a rapidly eme
ing area in heat transfer [1–13]. When a thin film is e
posed to a very rapid heating process such that indu
by a short-pulse laser, the typical response time for
film is an order of picoseconds, which is comparable to
phonon–electron thermal relaxation time. Under these s
ations, thermal equilibrium between solid lattice and el
tron gas cannot be assumed and heat transfer in the ele
gas and the metal lattice needs to be considered separ
Models describing the non-equilibrium thermal behavio
such cases are called the microscopic two-step models.
microscopic heat conduction models are available in the
erature. The first one is the parabolic two-step model [1
8–10] and the second one is the hyperbolic two-step m
[1,3,7,11].

Ultrafast heating of metals consists of two major step
energy transfer, which occur simultaneously. In the first s
electrons absorb most of the incident radiation energy
the excited electron gas transmits its energy to the la
through inelastic electron–phonon scattering process [

* Corresponding author.
E-mail address: malnimr@just.edu.jo (M.A. Al-Nimr).
1290-0729/$ – see front matter 2003 Elsevier SAS. All rights reserved.
doi:10.1016/j.ijthermalsci.2003.05.001
n
y.

In the second step, the incident radiation absorbed by
metal film diffuses spatially within the film mainly by th
electron gas. For typical metals, depending on the degre
electron–phonon coupling, it takes about 0.1 to 1 picosec
for electrons and lattice to reach thermal equilibrium. Wh
the ultrafast heating pulse duration is comparable with
less than this thermalization time, electrons and lattice
not in thermal equilibrium. As a result, the thermal behav
of the thin film under the effect of the microscopic parabo
heat conduction model is describe by [1,3]

Ce(Te)
∂Te

∂t
= ∇ · (ke∇Te)−G(Te − TL)+ Se (1)

CL(TL)
∂TL

∂t
=G(Te − TL) (2)

whereCL denotes the lattice heat capacity,Ce the electron
heat capacity,TL the lattice temperature,Te the electron tem
perature,ke the electron thermal conductivity,t the time,∇
the gradient vector,Se the heating source within the ele
tron gas andG denotes the coupling factor which charact
izes the energy exchange between phonons and elec
Eqs. (1) and (2) represent the parabolic microscopic
conduction model which implies that the electron and
tice temperatures are not in local thermal equilibrium, i
Te �= TL. If electron gas and solid lattice are in local therm
equilibrium, i.e.,Te = TL, then the parabolic microscop
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Nomenclature

C heat capacity . . . . . . . . . . . . . . . . . . . . J·m−3·K−1

G electron–phonon coupling factor . W·m−3·K−1

K thermal conductivity . . . . . . . . . . . . W·m−1·K−1

L film thickness . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
s Laplacian domain
Se heating source per unit volume,

= S0(1+ ε sin(w̄t))
S0 amplitude of volumetric heating source W·m−3

S dimensionless volumetric heat source,
= Se/S0

t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
t0 pulse duration. . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
Ti initial temperature . . . . . . . . . . . . . . . . . . . . . . . . K

Greek symbols

ε amplitude of fluctuation
η dimensionless time,= αt/L2

η0 dimensionless pulse duration,= αt0/L2

Θ Laplace transformation ofθ
θ dimensionless temperature,= (T − Ti)/Ti
ω dimensionless angular velocity of the fluctuating

heat source,= w̄L2/α

w̄ angular velocity of the fluctuating volumetric
heat source . . . . . . . . . . . . . . . . . . . . . . . . . rad·s−1

Subscripts

e electron
L lattice
i initial
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heat conduction model reduces to the parabolic macrosc
(Fourier) heat conduction model.

Using different solving techniques, the microscopic p
abolic heat conduction model has been used numerous
describe the thermal behavior of thin metal films under
ferent applications, operating conditions, geometrical p
meters and metal properties. In the previous solutions o
two-step models the material thermophysical properties
assumed to be constant which simplify the solution. In
work we take into consideration the material properties
pendency on temperature and in order to rigorously acc
for the temperature dependence of material properties
microscopic parabolic two-step model must be solved
merically.

2. Analysis

2.1. Variable thermal properties

Consider a thin metal slab of thicknessL which is
exposed to an incident volumetric radiative heating sou
Two types of volumetric heating sources are conside
which are the unit step and the harmonic types. T
incident radiation is assumed to be totally absorbed by
electron gas and the slab is assumed thermally insu
from both sides during the heating process. Also, the
thermal behavior is assumed to be lumped in which
slab temperature is independent on the location. Taking
consideration the temperature dependence of the the
properties, the parabolic microscopic heat conduction m
is given as

Ce(Te)
∂Te

∂t
= −G(Te − TL)+ Se(t) (3)

CL(TL)
∂TL =G(Te − TL) (4)

∂t
l

WhileG is assumed to be constant. Eqs. (3) and (4) repre
the parabolic microscopic heat conduction model wh
implies that the electron and lattice temperatures are n
local thermal equilibrium, i.e.,Te �= TL. Also,

Ce(Te)= γ Te (5)

CL(TL)= a + b · TL + c · T 2
L + d · T 3

L (6)

Eqs. (5) and (6) are obtained as correlation’s for availa
experimental data for many metals over a wide range
temperatures and the values ofγ are given by Kittel [14].
Eq. (6) governs the most general behavior ofCL with respect
to temperature and many special cases may be obtained
it. As an example, under very low operating temperatu
(a, b and c) may be set to zero and as a result,CL =
d · T 3

L , which is the known formula forCL of metals at low
temperatures. Eqs. (3) and (4) assume the following in
conditions:

Te(0)= TL(0)= Ti (7)

Combining Eqs. (7) and (4), two initial conditions in term
of TL are given as

TL(0)= Ti, ∂TL

∂t
(0)= 0 (8)

Eqs. (3) to (6) are combined to yield the following equatio
in terms ofTL:

F1(T )
∂T

∂t
+ F2(T )

(
∂T

∂t

)2

+ F3(T )

(
∂T

∂t

)3

+ F4(T )

(
∂2T

∂t2

)
+ F5(T )

∂T

∂t

∂2T

∂t2
= Se (9)

where

F1(T )= a + (b+ γ )T + cT 2 + dT 3
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F2(T )=
(
γ

G

)[(
bT + 2cT 2 + 3dT 3)

+ (
a + bT + cT 2 + dT 3)]

F3(T )=
(
γ

G2

)[(
a + bT + cT 2 + dT 3)

× (
b+ 2cT + 3dT 2)]

F4(T )=
(
γ

G

)[
aT + bT 2 + cT 3 + dT 4]

F5(T )=
(
γ

G2

)[
a + bT + cT 2 + dT 3]2

whereT ≡ TL, with the subscript “L” is omitted for the sake
of convenience. Now, using the dimensionless parame
defined in the Nomenclature, Eq. (9) are rewritten as:

F1(θ)
∂θ

∂η
+ F2(θ)

(
∂θ

∂η

)
+ F3(θ)

(
∂θ

∂η

)3

+ F4(θ)
∂2θ

∂η2 + F5(θ)
∂θ

∂η

∂2θ

∂η2 = S · S0 (10)

where

F1(θ)=
(
Ti

t0

)(
a + (b+ γ )Ti(1+ θ)
+ cT 2

i (1+ θ)+ dT 3
i (1+ θ)3)

F2(θ)=
(
γ T 2

i

Gt20

)[(
bTi(1+ θ)+ 2cT 2

i (1+ θ)2

+ 3dT 3
i (1+ θ)3)

+ (
a + bTi(1+ θ)+ cT 2

i (1+ θ)2
+ dT 3

i (1+ θ)3)]

F3(θ)=
(
γ T 3

i

G2t30

)[(
a + bTi(1+ θ)+ cT 2

i (1+ θ)2

+ dT 3
i (1+ θ)3)

× (
b+ 2cTi(1+ θ)+ 3dT 2

i (1+ θ)2)]

F4(θ)=
(
γ Ti

Gt20

)(
aTi(1+ θ)+ bT 2

i (1+ θ)2

+ cT 3
i (1+ θ)3 + dT 4

i (1+ θ)4)

F5(θ)=
(
γ T 2

i

G2t30

)(
a + bTi(1+ θ)

+ cT 2
i (1+ θ)2 + dT 3

i (1+ θ)3)2

and the initial conditions become:

θ(0)= 0,
∂θ

∂η
(0)= 0 (11)

2.2. Constant thermal properties

In this special case,Ce, CL andG are assumed consta
and as a result, the governing equations are given as:
Ce = ∂Te

∂t
= −G(Te − TL)+ Se (12)

CL = ∂TL

∂t
= −G(Te − TL) (13)

Te(0)= TL(0)= Ti (14)

Eqs. (13) and (14) may be combined to yield two init
conditions in terms ofTL as:

TL(0)= Ti, ∂TL

∂t
(0)= 0 (15)

Eqs. (12) and (13) are combined to yield:

∂2T

∂t2
+C1

∂T

∂t
= C2Se (16)

with

C1 = G(Ce +CL)
CeCL

, C2 = G

CeCL

whereT ≡ TL, with the subscript “L” is omitted for the
sake of convenience. Eqs. (15) and (16) are rewritte
dimensionless form as:

∂2θ

∂η2
+C3

∂θ

∂η
= C4S (17)

θ(0)= 0,
∂θ

∂η
(0)= 0 (18)

with

C3 = C1L
2

α
, C4 = C2L

4S0

Tiα2

2.3. Heating sources

The two heating sources, considered in the present w
are described as:

2.3.1. Unit step heating source
The unit step volumetric heating source has the follow

dimensionless form:

S(η)= [
1− u(η− η0)

]
whereu(η−η0) is the unit step function which is defined a{
u= 1 for η > η0
u= 0 for η < η0

This implies that the heating source assumesS = 1 for
0< η < η0 andS = 0 for η > η0.

2.3.2. Harmonic heating source
In this case, the heating source fluctuates in a harm

manner as:

S(η)= 1+ ε sin(ωη)

whereε is the fluctuation amplitude andω is the dimension-
less angular velocity.
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2.4. Solution methodology

Eqs. (10) and (11) are solved numerically using finite d
ference scheme. The finite difference method is based o
central and forward discretization in time domain. Eqs. (
and (18) are solved using Laplace transformation techni
Closed form expressions are obtained for the dimension
lattice temperature for the two heating sources. The solut
are given as:

2.4.1. Unit step heating source
In this case, the dimensionless lattice temperature is g

as:

θ(η)= (
h(η)− u(η− η0)h(η− η0)

)
(19)

with

h(η)= −C4

C2
3

+ C4

C3
η+ C4

C2
3

e−C3η

2.4.2. Harmonic heating source
In this case, the dimensionless lattice temperature is g

as:

θ(η)= h(η)= − εC4

ωC3
− εωC4

(C3
3 +C3ω2)

e−C3η

− εωC4

(C2
3ω+ω3)

sin(ωη)− εC3C4

(C2
3ω+ω3)

cos(ωη) (20)

3. Results and discussion

The plate is made of lead with properties shown in
ble 1. The following set of figures show the transient th
mal behavior of the lumped slab under different opera
conditions and for both types of heating sources.

The concern is focused on the validity of the const
thermal properties,Ce andCL, assumption. For each heatin

Table 1
Lead thermophysical properties

Properties at 300 K

Melting point [K] 601
ρ [kg·m−3] 11340
CP [J·kg−1·K−1] 129
K [W·m−1·K−1] 35.3
α [m2·s−1] 24× 10−6

Ce [J·m−3·K−1] 2.1× 104

CL [J·m−3·K−1] 1.5× 106

G [W·m−3·K−1] 12.4× 1016

Property Temperature [K]

100 200 400 600

K [W·m−1·K−1 ) 39.7 36.7 34.0 31.4
CP [J·kg−1·K−1] 118 125 132 142

a b c d γ [J·m−3·K−2]

1205035.0 1674.27 −3.74587 0.00348 70
source, two sets of figures are obtained. The first set g
a comparison between the slab behavior with variable
constant lattice thermal capacity while other propert
such asCe and G, are held constant. The second
gives a comparison between the slab behavior with vari
and constant electron gas thermal capacity while o
properties, such asCL and G, are held constant. Th
deviation in the lattice temperature is defined as

Percentage deviation=
∣∣∣∣ (θL)variable− (θL)constant

(θL)variable

∣∣∣∣ × 100%

where (θL)variable indicates that the lattice temperature
estimated with one of the thermal properties (Ce or CL)
is taken variable while the other property is held const
On the otherhand,(θL)constant indicates that the lattic
temperature is estimated with both thermal propertiesCe
andCL) are held constant. In both cases,G is held constant

Fig. 1 shows the transient variation in the dimension
lattice temperature with variable and constant lattice ther
capacityCL using the unit step heating source whileCe and
G are held constants. It is clear from this figure that
difference between the two cases is insignificant until
reaches the end of the pulse signal atη0 = 1.0.

Fig. 2 shows the percentage deviation inθL between
the variable and constantCL cases. It is clear that th

Fig. 1. Dimensionless lattice temperature versus dimensionless time
unit step heating source whereCe is constant (η0 = 1.0).

Fig. 2. Effect ofCL on the transient deviation in the lattice temperat
using unit step heating source (η0 = 1.0).
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slab thermal behavior is not sensitive to the constantCL
assumption since the maximum deviation inθL between the
two cases does not exceed 5%. It is clear from this figure
there is a sudden increase in the percentage deviationθL
which appears at the end of the unit step heating duratio
fact, this increase is not a large one and its maximum v
does not exceed 5%. The reason why this sudden increa
the deviation appears at the end of the heating duration (η0 =
1.0) is due to the fact that as the heating process proce
the lattice temperature increase then the error in assu
CL constant increases and accumulates to appear at th
of the heating process and to maintain a fixed value after

Fig. 3 shows the transient variation in the dimension
lattice temperature with variable and constant electron
thermal capacityCe using the unit step heating source wh
CL andG are held constants. It is clear that the deviat
between the two temperatures increases linearly until
reach the end of the pulse signal and then the devia
attains a fixed value.

Fig. 4 shows the transient variation in the dimension
electron temperature with variable and constant electron
thermal capacityCe using the unit step heating source wh
CL andG are held constants. It is clear that the deviation
tween the two temperatures increases linearly until one r
the end of the pulse signal and then the deviation attai

Fig. 3. Dimensionless lattice temperature versus dimensionless time
unit step heating source whereCL is constant (η0 = 1.0).

Fig. 4. Dimensionless electron temperature versus dimensionless time
unit step heating source whereCL is constant (η0 = 1.0).
n

,

d

fixed value. From this figure we can see that the dimens
less electron temperature is higher than the dimension
lattice temperature. This is predicted since the electron
temperature varies over a wider temperature range as
pared to the variation in the lattice temperature. The elec
gas has smaller thermal capacity and it absorbs the inc
radiative heat totally and directly and as a result, it atta
much higher temperature as compared to the solid lattic

Fig. 5 shows the percentage deviation inθL between
the variable and constantCe cases. It is clear that the sla
thermal behavior is very sensitive to the constant elec
gas thermal capacity since the deviation inθL between
the two cases is about 16%. It may be concluded
the parabolic microscopic heat conduction model is m
sensitive to the variation inCe as compared to the variatio
in CL. This is predicted since the electron gas tempera
varies over a wider temperature range as compared to
variation in the lattice temperature. The electron gas
smaller thermal capacity and it absorbs the incident radia
heat totally and directly and as a result, it attains much hig
temperature as compared to the solid lattice.

Fig. 6 show the variation in the lattice temperature
a harmonic fluctuating heating source and for differ

Fig. 5. Effect ofCe on the transient deviation in the lattice temperat
using unit step heating source (η0 = 1.0).

Fig. 6. Dimensionless lattice temperature versus dimensionless time
harmonic heating source whereCL is variable at different values o
amplitude (ω= 100000).
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Fig. 7. Effect ofCL on the transient deviation in the lattice temperature
ing harmonic heating source at different values of amplitude (ω= 100000).

Fig. 8. Dimensionless lattice temperature versus dimensionless time
harmonic heating source whereCe is constant at different values o
amplitude (ω= 100000).

fluctuation amplitudesε. This figure obtained with variabl
CL andCe andG is held constants.

Fig. 7 shows the deviation inθL between the two case
and at different fluctuating amplitudesε. It is clear that
the deviation is very small since it does not exceed 1
One may conclude that the slab behavior is not sens
to the constantCL assumption especially under harmon
fluctuating heating source. In the unit step heating sou
this maximum deviation is found to be 5%.

Figs. 8 and 9 show the variation in the lattice tempera
for a harmonic fluctuating heating source and for differ
fluctuation amplitudesε. Fig. 8 is obtained with constantCe
while Fig. 9 is obtained with variableCe and in both figures
CL andG are held constants.

Fig. 10 shows the deviation inθL between the two case
and at different fluctuations amplitudesε. It is clear from
this figure that the deviation is significant and may reac
value of 19%. This implies that the slab is very sensitive
the variation in the electron gas thermal capacityCe . The
sensitivity of the slab thermal behavior for the variation
Ce under fluctuating heating source is higher than that un
unit step heating source. Table 2 summarize these resul
both cases.

It worth mentioning here, that Table 2 compares am
the maximum deviation inθL based on the assumption
r

Fig. 9. Dimensionless lattice temperature versus dimensionless time
harmonic heating source whereCe is variable at different values o
amplitude (ω= 100000).

Fig. 10. Effect ofCe on the transient deviation in the lattice temperature
ing harmonic heating source at different values of amplitude (ω= 100000).

Table 2
Maximum percentage deviation inθL

Type of heat source

Unit step Harmonic

Ce constant 16.71% 19.10%
CL constant 5.15% 1.11%

constant or variableCe and CL and for the two heating
sources. This maximum deviation may appear at any t
In case of unit step heating this maximum deviation app
at almostη ≈ η0 and after that maintains a fixed value. F
harmonic heating this maximum deviation appears atη < η0.
This implies that, it is not fair to compare between t
instantaneous deviation inθL since such a comparison giv
wrong indication. In general, if one interested in tracing
instantaneous deviation, then he has to return to the Fig
4, 7, and 10.

4. Concluding remarks

The validity of assuming constant total thermal capa
propertiesCe and CL in the parabolic microscopic he
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conduction model is examined for two types of volume
heating sources. These types are the unit step and
harmonic fluctuating heating sources. For each heating t
two cases are considered. The first case assumesCL variable
while Ce andG are held constants and the second c
assumesCe variable whileCL andG are held constants. Th
results of these two cases are compared with the resu
a basic case, which assumesCe , CL andG constants. The
deviations between the results of each case and that o
basic case are estimated. Table 2 summarizes these r
by focusing on the maximum deviation. It is concluded t
the slab thermal behavior is more sensitive to the variatio
Ce as compared to the variation inCL. Also, it is concluded
that this sensitivity regardingCe is higher in the harmonic
type heating source. The values ofω andη0 are estimated
based on practical values used in the literature.
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